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Vibrations of Circular Orthotropic Plates in Affine Space
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Eugene J. Bruneliet
Air Force Institute of Technology, Wright-Patterson Air Force Base, Ohio

The vibration of an initially compressed plate having a circular geometry and orthotropy is examined in an
affine space. Classical linear plate theory and the Hamilton’s principle are employed. The plate’s equations of
motion are particularly simple in the chosen affine space, permitting a free vibration study of the entire com-
posite materials having polar orthotropy. Approximate, but very accurate, standing-wave-type mode shapes are
utilized in solving the essentially double eigenvalue problem to determine the effects of midplane forces on the
vibration frequencies of the plate. The results indicate that the affine space frequency increases with increasing
stiffness ratio D7, but decreases with increasing midplane compression. It is also discovered that, contrary to the
trends observed by the authors in previous investigations for rectangular geometry and orthotropy, the affine
space frequency increases with increasing generalized Poisson’s ratio ¢,..

Nomenclature

a, = coefficients of rj

h,a = plate thickness and radius, respectively

ko, = stability (buckling) coefficients in polar affine
space

r,0 = polar orthotropic coordinates

rg,0 = polar affine space

t, = quantities defined for computational purposes

Dg, = generalized rigidity ratio in polar affine space

D; = elastic constants

N, =1initial stress in polar orthotropic coordinates

U, =virtual work in polar orthotropic coordinates

U,O =virtual work in polar affine space

w,W  =mode shapes

€, =generalized Poisson’s ratio in polar affine coor-
dinates

w =angular frequency of vibration

Wy =vibration frequency parameter in polar affine space

Por = density of plate in polar affine coordinates

Introduction

HE problems of determining the natural vibration

frequencies and the buckling forces for circular
anisotropic plates having polar orthotropy have received a
great deal of attention from numerous investigators, e.g.,
Refs. 1-8. While the polar orthotropy reduces the number of
elastic constants (which should result in a simplification of the
problem) the circular geometry makes it necessary to expect
the exact solutions (mode shapes) in terms of hypergeometric
functions of which Bessel functions are a subset. Therefore, it
did not come as a total surprise when von- Woinowsky-
Krieger,* in his analysis, found the exact closed-form solution
to the buckling problem in terms of Bessel functions.
However, the vibration problem seems to lack known exact
closed-form solutions except for an isotropic case. Hence,
approximate methods of solution are resorted to.
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It must be pointed out that a number of investigators tried
to minimize the number of elastic constants in the problems
by dividing both sides of the equations of motion by one of
the elastic constants. In the process, parameters wholly or
partially equivalent to those of the present analysis are
defined. Interestingly enough, no one seemed to realize that
these parameters are the key to presenting the trends for all
composite materials having a circular geometry and or-
thotropy, thereby permitting a convenient comparison of
candidate material for a particular application.

The present investigation stems from the previous efforts
by the authors!®!® in which problems of plates having a
rectangular geometry and orthotropy were successfully
studied in affine space. The present analysis, therefore, at-
tempts to employ a similar approach to study the vibration
problem of initially compressed plates having a circular
geometry and orthotropy to determine the trends for all
materials and, as a byproduct, establish any differences
between polar and rectangular orthotropies and geometries.
Hence, by affinely stretching the radial coordinate, the
equations of motion are simplified, resulting in the definition
of two bounded generic variables, D}, and e,, called the
generalized rigidity ratio and generalized Poisson’s ratio,
respectively. Consequently, the essentially double eigenvalue
problem is solved using approximate energy methods together
with rather accurate polynomial mode shapes. A variation of
Dy, between zero and one makes it possible to present the
results for all materials (Dfj, =1, corresponding to the
isotropic case). The generated data expose certain unknown
trends and confirm expected ones. For example, the lowest
symmetric natural frequency is seen to decrease with in-
creasing compression at the edge, and, where applicable,
increases with increasing generalized Poisson’s ratio (a reverse
of the trend observed for a rectangular geometry and or-
thotropy!!13).

Problem Statement
Consider an initially compressed plate having a circular

geometry and orthotropy, whose elemental idealization is
shown in Fig. 1. The plate has a thickness of 4 and radius of a.

Physical Space Equations of Motion

By prescribing small displacements and using variational
principles or a Newtonian approach the familiar plate
equation of motion and the corresponding virtual work ex-
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pression in physical space are given by
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Affine Space Equations of Motion
Consider the affine transformation
r=r; (D)% (3)
and the nondimensionalization scheme given by
rp=rea; 1G]
where a; is the affine space radius of the plate. When Egs. (3)
and (4) are substituted into Egs. (1) and (2), the non-

dimensionalized affine space equation of motion and its
virtual work counterpart are given by
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The virtual work expression in Eq. (6) assumes that w(r,,¢) is
a product of two separate functions of r, and ¢. In the absence
of such an assumption, the regular Hamilton’s approach
would have to be used. The generic variable D}, has a range
0<Dg =1 for hypostiffened materials, and D, >1 for
hyperstiffened materials, ¢, varies like the Poisson’s ratio,
and, hence, is called the generalized Poisson’s ratio by the
present authors. By assuming w(ry,¢) to be a harmonic
function of time and an arbitrary function of space and
defining the following differential operators

1 d
ro dry’

1>

£ £,28en8 (8)

Eq. (5) can be written in a form that can be conveniently
examined to understand its nature. Thus,

[£3+ko 8o+ (1= D) L2~} ] W=0 ©)

where .
w(rg,t) =W(r,)e® (10)
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w is the natural frequency, and

. wlz)éPOrhwz’ pOr:pa4/Dl' . (11)

From Egs. (8) and (9) it can be seen that, if D}, =1 (isotropic
case), £, is clearly a Bessel operator, suggesting that the exact
solution of Eq. (9) should be in terms of Bessel functions.”'*
It also means that, for very small or large values of (1 - D3},),
regular or singular perturbations methods can be used to
obtain solutions to Eq. (9) for certain classes of orthotropic
materials. In general, it is not easy to determine exact
solutions to Eq. (9), although it can be inferred that the exact
solutions should be in terms of hypergeometric functions of
which Bessel functions are a subset. Fortunately, a number of
approximate methods are available to solve Eq. (9) or its
virtual work counterpart.

Boundary Conditions and the Approximate Solution

Two boundary conditions are considered in this analysis.
They are 1) a clamped edge and 2) a simply supported edge.
The free edge boundary condition is not considered because
its uses seem to be very limited. As pointed out earlier, the
essentially double cigenvalue problem posed in this paper
seems to lack known exact closed-form solutions. Therefore,
an approximate approach, in conjunction with the variational
Hamilton’s principles, is utilized to obtzin the solutions.
Polynomials are selected and test cases are calculated and
compared to known ‘‘exact’’ results to determine the accuracy
of the schematic. As the results shall indicate later, these
polynomials proved to be so accurate that only the first two or
three terms are used. In terms of the two eigenvalues, &k, and
wy, the virtual work expression becomes

! Fw\2 1 dw 3w
sU, =S a{[(ﬁ-) 42Dk~ 20 T
0 Jo ary or€ ro dry 9r3

#05, (3 ) o (G ) e Jrars a2
Or 7o Org or Bro woW* |ry ¢dry )

where k,, is the affine buckling coefficient and w, the affine
frequency parameter.

Clamped Edge Plate
Consider the polynomial

W(rg)= Y, a,(1—r3)"+? (13)
n=0

where
w(ro,t) =W(ry)e (14

Fig. 1 The frequency parameter vs the stability coefficient of a
circular orthotropic plate compressed on the clamped edge.
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In accordance with the Ritz-Galerkin approach, Eq. (13) only
satisfies the geometrical boundary conditions. Because of the
accuracy of Eq. (13), the two terms used are given by

w(re,t)=l[d,(1—-r§)? +a,(1—rp)’ e (135)
When Eq. (15) is substituted into Eq. (12) and U,;, minimized
~ with respect to a,(n=1,2), the condition for a nontrivial

solution provides the double eigenvalue equation for the
frequency and buckling given by

wh—4.8(355+ 53D}, — 8k, )b + 1008 (5+3D3,) (23 + Dj,)
+1/5k3,—2(7+ D} ) ko 1 =0 (16)
Equation (16) is quadratic in both wg and k. Therefore, the

standard method is used to determine the minimum values of
these quantities. Thus, w, is given by

w=1, — (3 —1008t,) * a7
1.0
10.0}
wokorzo
9.0
8.0 1 1 1 1 1 1 1
0 2 4 - 6 12 14

Fig. 2 The frequency parameter vs the generalized rigidity ratio of a
circular orthotropic plate with clamped edge.
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Fig. 3 The frequency parameter vs the stability coefficient of a
circular orthotropic plate compressed on the hinged edge, ¢, =0.2.
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where
t,£2.4(355+ 53D} — 8ky,)
t,2(5+3D%) (23+D3) +1/5k3, —2(7+ DYk, (18)

Equations (17) and (18), therefore, give the frequency
parameter as a function of the midplane force for all plates
with circular geometry and polar orthotropy. The affine
buckling parameter for zero frequency is given by

ko,w0:0:5(7+D’5,-) ~[25(7+Dg,)?
—5(5+3Dp,) (23+Dg,) 1" (19)

Equations (17-19) show a very good agreement with ap-
proximate results from Leissa,' and exact results from von
Woinowsky-Krieger.* Figures | and 2 illustrate the results for
hypostiffened materials (0 <D}, <1), and one hyperstiffened
material (Dj, >1).

The empirical expressions derived for wy and &, for fast
applications are given by
0=<D}, <04

Wy

0= 8:41+2D,

=8.522+1.72D},,  0.4<D}, <0.8

=8.688+1.5125D;,, 0.8<Dj, <1.2 (20)

k(),w0=0=9.48+5.19D3,, 0=<Dj =<1.2 (21)

Simply Supported Plate
Consider the polynomial

(22)

D3

W(rg)=(1-ry) Y, d,r
n=0

By keeping the first three terms of Eq. (22) and substituting it
into Eq. (12), an attempt to evaluate the resulting definite
integrals reveals that a singularity exists at r, =0. Elimination
of this singularity results in a relationship between two of the
three coefficients of the series. This in effect reduces the
number of the independent coefficients to two. The resulting
two-term polynomial is given by
w(rg,t) =€ (1—rg)(a, (I+ry)+ard) 3)
When Eq. (23) is substituted into Eq. (12) and U,, is
minimized with respect to &, (n=1,2), the condition for a
nontrivial solution provides the frequency equation given by
w}§—35/3(114+ 2D}, + 15D}, — 17/5k,, ) 0}
+490[2/5k%, — (16 +4D},e, + D}, ) ko] +4900/3
X [4+4 12D} e, + (134 6D} €.) D + (D3,)°]1=0 (24)
Equation (24), which is quadratic in »} and k,,, is solved to
obtain the following expression for the frequency parameter
wh=1t;— (5 —490t,—4900/315) ” (25)
where
I é35/6( 114+ 24D}.e, + 15D%, — 17/5ky,)
1,22/5k3, — (16+4D}e, + 3D}, ) ke,

ts 24+ 12Dk, + (13+6D}e,) D}y + (D}’ (26)
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The presence of ¢, in Eq. (24) in contrast to Eq. (16) results
from this parameter’s absence and presence, respectively, in
the clamped and hinged boundary terms in the equations of
motion. Equations (25) and (26), therefore, express the
frequency parameter in terms of the midplane force for all
plates having circular geometry and polar orthotropy. The
affine buckling parameter for zero frequency is given by the
following,

korw :0:t6_(t§-—25/3t5)% (27)
where Ao
ts25/4(16+4D}e, +3D},) (28)
90
80
701

Fig. 4 The frequency parameter vs the stability coefficient of a
circular orthotropic plate compressed on the hinged edge, ¢, =0.3.
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Fig. 5 The frequency parameter vs the generalized rigidity ratio of a
circular orthotropic plate with hinged edge.
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Equations (25-28) have been compared with results from
Leissa,! Timoshenko and Gere,’> Lekhnitski,® and Relton.’
The agreement is very good. Figures 3-5 depict the results for
hypostiffened (and one hyperstiffened) plates using two
values of the generalized Poisson’s ratio. It is seen that both
the frequency and buckling parameter increase with the
generalized Poisson’s ratio. This is a reverse of what was
obtained for plates having rectangular geometry and or-
thotropy.'}-13

The empirical expressions derived for w, and k,, for fast
applications are given by

Kor,y o =0.84+3.1Df; 0D}, 1.2, ¢,=0.2 (29)
Koy, _o=0.84+3.36Df; 0=Dj,<1.2; ¢,=0.3 (30)
Wb, _,=35119+3.3D, — (355.7+ 104.9D, +7.96

X (D%)?)%]; 0=D} <1.2; ¢,=0.2 NG

Wby, o =35119+4.2D5, ~ (355.7+ 137.4D5, + 13.9
X (D3)?) %15 0<Dp, <1.2; €,=0.3 (32)

Results

The results shown in Figs. 1-5 confirm some expected
results and reveal some that are not so obvious. For example,
both the frequency and buckling parameter decrease with
increasing compressive force and, where applicable, increase
with increasing generalized Poisson’s ratio. The latter trend is
a reverse of what was found for plates with rectangular
geometry and orthotropy.

Concluding Remarks

This paper has attempted to study the vibrations of initially
compressed plates having circular geometry and polar or-
thotropy in the affine space. A transformation of the physical
equations of motion into the affine space reveals that a
comprehensive study of the vibration trends for all materials
can be carried out efficiently. Thus, using standing wave-type
mode shapes in conjunction with the variational principles,
simple algebraic expressions are obtained for the lowest
symmetric frequencies. The effect of the midplane com-
pressive forces, stiffness ratios, and the generalized Poisson’s
ratio on the frequencies are determined. Simpler (empirical)
expressions for the frequencies for fast applications are also
derived.

The major trends, which are two fold, confirm some ex-
pected results and reveal some that are not so obvious. For
example, both the frequency and buckling parameter decrease
with increasing compressive force, but increase with in-
creasing generalized Poisson’s ratio where applicable. This
latter trend is the reverse of what was found by the
authors'>'? for plates with rectangular geometry and or-
thotropy.
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